Propagation of axial shear magneto–electro-elastic waves in piezoelectric–piezomagnetic composites with randomly distributed cylindrical inhomogeneities  by Chen, Peng & Shen, Yapeng
International Journal of Solids and Structures 44 (2007) 1511–1532
www.elsevier.com/locate/ijsolstrPropagation of axial shear magneto–electro-elastic waves
in piezoelectric–piezomagnetic composites with
randomly distributed cylindrical inhomogeneities
Peng Chen, Yapeng Shen *
MOE Key Laboratory for Strength and Vibration, School of Aerospace, Xi’an Jiaotong University, Xi’an 710049, PR China
Received 30 March 2006; received in revised form 25 May 2006
Available online 1 July 2006Abstract
The integral equations of the scattering problem for piezoelectric–piezomagnetic composites with an inhomogeneity are
derived. In the long-wave limit, the solutions of these integral equations for the composites containing a single inhomo-
geneous ﬁber are solved in close forms. The total scattering cross-section for the one-ﬁber composites is also obtained.
By the so-called eﬀective ﬁeld method, the multi-ﬁber scattering problem is simpliﬁed to the one-ﬁber scattering problem,
and the analytical expressions of magneto–electro-elastic ﬁelds for the multi-ﬁber composites are obtained in the long-wave
limit. These solved magneto–electro-elastic ﬁelds are then used to solve the expressions of the static eﬀective moduli, eﬀec-
tive wave velocity and attenuation factor of piezoelectric–piezomagnetic composites with randomly distributed cylindrical
inhomogeneities. Through numerical examples, it concludes that, if the random set of ﬁber cross-sections is homogeneous
and isotropic, the eﬀective ﬁeld method is coincident with the Mori–Tanaka mean ﬁeld method when the static eﬀective
moduli of piezoelectric–piezomagnetic composites are looked for. Moreover, the rules of the eﬀective wave velocity versus
the volume fraction of ﬁbers are investigated for speciﬁc materials.
 2006 Elsevier Ltd. All rights reserved.
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Because piezoelectric–piezomagnetic composites have superior material properties compared with those
of their constituents, i.e. the magneto-electric coupling eﬀect, many researchers have investigated the
magneto-electric coupling in these materials both theoretically and experimentally (Bracke and van Vliet,0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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1512 P. Chen, Y. Shen / International Journal of Solids and Structures 44 (2007) 1511–15321981; Avellaneda and Harshe, 1994; Nan, 1994; Benveniste, 1995). Particularly, the recent several years are
called the period of the revival of the magneto-electric eﬀect by Fiebig (2005).
Most of those papers studying piezoelectric–piezomagnetic composites mainly focus on dealing with the
predictions of the eﬀective moduli of magneto–electro-elastic media. Nan (1994) obtained the diﬀerent
approximate expressions for the eﬀective magneto-electric coeﬃcient of ﬁbrous composites with 1–3 or 3–1
connectivity of phases by the Green’s function and perturbation theory. Benveniste (1995) derived the exact
connections, which are independent of the details of the microgeometry and of the particular choice of the
averaging model, among the eﬀective moduli of piezoelectric–piezomagnetic composites. Huang and Kuo
(1997) and Huang (1998) obtained the eﬀective magneto–electro-elastic moduli by the Mori–Tanaka mean
ﬁeld theory, and the analytical expressions of the magneto–electro-elastic Eshelby tensors for diﬀerent shapes
of inclusions. Li and Dunn (1998) and Li (2000) also studied the eﬀective magneto–electro-elastic moduli of
these two-phase composites based on the Mori–Tanaka mean ﬁeld approach, and investigated the multi-
inclusion and inhomogeneity problems for magneto–electro-elastic media. Aboudi (2001) adopted a homog-
enization micromechanical method to predict the eﬀective moduli of electro-magneto–thermo-elastic
composites.
We note that the above-mentioned papers are within the framework of statics and primarily available for
the treatment of static inclusion and inhomogeneity problems and the eﬀective material properties of mag-
neto–electro-elastic composites. Unlike static problems, relatively few papers are involved in the dynamic
problems for magneto–electro-elastic composites, aside from several papers investigating the dynamic crack
problems in magneto–electro-elastic composites. Du et al. (2004) studied the scattering of anti-plane shear
waves by a single piezoelectric cylindrical inhomogeneity partially debonded to an unbounded piezomagnetic
matrix. Zhou et al. (2005) investigated the behaviors of two collinear symmetric interface cracks between two
dissimilar magneto–electro-elastic material half planes under the harmonic anti-plane shear waves loading by
the Schmidt method. Feng et al. (2005) examined the dynamic response of an interface crack between two dis-
similar magneto–electro-elastic materials subjected to the mechanical and electric magnetic impacts. To the
authors’ knowledge, however, the wave propagation problems of piezoelectric–piezomagnetic composites con-
taining randomly cylindrical inhomogeneities are still unavailable in the literature. Therefore, the present
paper is devoted to the study of the propagation of axial shear magneto–electro-elastic waves in piezoelec-
tric–piezomagnetic composites with randomly distributed cylindrical inhomogeneities.
The objective of the present paper is to obtain the dynamic characteristics of piezoelectric–piezomagnetic
composites containing a random set of continuous ﬁbers, namely, the eﬀective wave velocity and the attenu-
ation factor, when axial shear magneto–electro-elastic waves propagate in such media. To achieve the aim, the
so-called eﬀective ﬁeld method is employed in the present study. Such a method was explored and widely used
by Kanaun (2000), Kanaun and Levin (2003, 2005), Levin (1996) and Levin et al. (2002), and by means of the
eﬀective ﬁeld method they have calculated the phase velocity and the attenuation factor of the mean wave
ﬁelds both for elastic matrix composite materials with a homogeneous random set of spherical inclusions
and for piezoelectric media reinforced by randomly distributed cylindrical inhomogeneities. Furthermore, dur-
ing the procedure of solving the dynamic characteristics, the static eﬀective moduli are computed as the
byproducts of our objective.
The present work may also be regarded as a generalization to magneto–electro-elastic media of the paper
written by Levin et al. (2002) in which only piezoelectric composites were studied by use of the eﬀective ﬁeld
method. Although some formulas have the same forms in the present paper and the paper of Levin et al.
(2002), the diﬀerences of intrinsic meanings exist between the two papers due to the diﬀerent properties of
respective considered media.
In the present paper, we ﬁrstly derive the integral equations of the scattering problem for the magneto–elec-
tro-elastic medium in Section 2, and then with the long-wave limit obtain the solutions of the one-ﬁber
scattering problem for the medium containing one ﬁber in Section 3. In Section 4, we calculate the total
cross-section for the composite with an isolated ﬁber. With the aid of the above-mentioned analyzes, in
Sections 5 and 6 the static eﬀective moduli, eﬀective wave velocity and attenuation factor for the magneto–
electro-elastic medium reinforced by randomly distributed cylindrical inhomogeneities are obtained in the
long-wave limit by the eﬀective ﬁeld method. Finally, we represent some numerical examples and discussion
regarding the behaviors of the static eﬀective moduli and the eﬀective wave velocity in Section 7.
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Although integral equations of the scattering problem for pure elastic media and piezoelectric media with
inclusions had been studied by Mal and Knopoﬀ (1967), Willis (1980) and Levin et al. (2002), to the authors’
knowledge, the integral equations of the scattering problem for magneto–electro-elastic media have not been
derived by researchers. In this section, we will derive these integral equations.
For piezoelectric–piezomagnetic composites, the coupled constitutive relations can be written in the forms
(Nan, 1994)rij ¼ Cijklekl  ekijEk  dkijHk; ð2:1aÞ
Di ¼ eiklekl þ aikEk þ bikHk; ð2:1bÞ
Bi ¼ diklekl þ bikEk þ likHk; ð2:1cÞwhere rij, Di and Bi are the stress, electric displacement and magnetic induction (i.e. magnetic ﬂux), respec-
tively; eij, Ei and Hi are the strain, electric ﬁeld and magnetic ﬁeld, respectively; Cijkl, aij and lij are the elastic,
dielectric and magnetic permeability coeﬃcients, respectively; ekij, dkij and bij are the piezoelectric, piezomag-
netic and magneto-electric coeﬃcients, respectively.
The generalized strain–displacement relations have the formseij ¼ 0:5ðui;j þ uj;iÞ; ð2:2aÞ
Ei ¼ /;i; ð2:2bÞ
Hi ¼ w;i; ð2:2cÞwhere ui, / and w are the elastic displacement, electric and magnetic potential, respectively.
The equations of motion, the charge and the current conservation equations can be written asrij;j þ fi ¼ q o
2ui
ot2
; ð2:3aÞ
Di;i  qe ¼ 0; ð2:3bÞ
Bi;i  qm ¼ 0; ð2:3cÞwhere fi, qe and qm are the body force, electric charge density and electric current density, respectively.
Substitution of Eqs. (2.1a)–(2.1c), (2.2a)–(2.2c) into (2.3a)–(2.3c) yields a coupled system of linear diﬀeren-
tial equations for magneto–electro-elastic mediaðCijkluk;lÞ;j þ ðekij/;kÞ:j þ ðdkijw;kÞ;j þ fi ¼ q
o2ui
ot2
; ð2:4aÞ
ðeikluk;lÞ;i  ðaik/;kÞ:i  ðbikw;kÞ;i  qe ¼ 0; ð2:4bÞ
ðdikluk;lÞ;i  ðbki/;kÞ:i  ðlikw;kÞ;i  qm ¼ 0: ð2:4cÞNow we consider a harmonic oscillation of the media with frequency x. A steady-state solution will be
sought, in which the quantities in Eqs. (2.4a)–(2.4c) depend on t only through a factor eixt, e.g. the displace-
ment function u(x, t) = u(x)eixt. Thus, Eqs. (2.4a)–(2.4c) can be recast asðCijkluk;lÞ;j þ ðekij/;kÞ:j þ ðdkijw;kÞ;j þ qx2ui ¼ fi; ð2:5aÞ
ðeikluk;lÞ;i  ðaik/;kÞ:i  ðbikw;kÞ;i ¼ qe; ð2:5bÞ
ðdikluk;lÞ;i  ðbki/;kÞ:i  ðlikw;kÞ;i ¼ qm: ð2:5cÞConsider an unbounded magneto–electro-elastic medium (matrix) with the magneto–electro-elastic
property L0 and mass density q0, which contains one inclusion with the diﬀerent property L and diﬀerent mass
density q. The inclusion occupies the region V, and V(x) is the characteristic function of this region (V(x) = 1
if x 2 V and V(x) = 0 if x 62 V). Here the properties L0 and L have the following representations:
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C0 e0 d0
ðe0ÞT a0 b0
ðd0ÞT ðb0ÞT l0
0B@
1CA; L ¼ C e deT a b
dT bT l
0B@
1CA; ð2:6Þwhere the superscript ‘‘T’’ indicates the transpose. Then we introduce another symbol L1 which denotes the
diﬀerence of properties between the matrix and the inclusion, namely,L1 ¼
C1 e1 d1
ðe1ÞT a1 b1
ðd1ÞT ðb1ÞT l1
0B@
1CA ¼ L L0 ¼ C C
0 e e0 d d0
eT  ðe0ÞT ða a0Þ ðb b0Þ
dT  ðd0ÞT ½bT  ðb0ÞT ðl l0Þ
0B@
1CA; ð2:7Þand a new function L1(x) which has the following expression:L1ðxÞ ¼ L1V ðxÞ ¼
C1 e1 d1
ðe1ÞT a1 b1
ðd1ÞT ðb1ÞT l1
0B@
1CAV ðxÞ ¼ C
1ðxÞ e1ðxÞ d1ðxÞ
½e1ðxÞT a1ðxÞ b1ðxÞ
½d1ðxÞT ½b1ðxÞT l1ðxÞ
0B@
1CA: ð2:8ÞBy means of Eqs. (2.6)–(2.8), we can obtain the representation of the function L(x) which is equal to L0 in
the matrix and L inside the inclusion, that is,LðxÞ ¼ L0 þ L1ðxÞ ¼
CðxÞ eðxÞ dðxÞ
eTðxÞ aðxÞ bðxÞ
dTðxÞ bTðxÞ lðxÞ
0B@
1CA: ð2:9ÞThere is a similar process with respect to the mass density function q(x), which equals q0 in the matrix and q
inside the inclusion. Therefore, we have the following expressions:q1 ¼ q q0; ð2:10aÞ
q1ðxÞ ¼ q1V ðxÞ; ð2:10bÞ
qðxÞ ¼ q0 þ q1ðxÞ: ð2:10cÞBased on these above-mentioned notations, we can obtain the governing equations for magneto–electro-
elastic ﬁelds in the medium from Eqs. (2.5a)–(2.5c) in the forms½CijklðxÞuk;lðxÞ;j þ ½ekijðxÞ/;kðxÞ:j þ ½dkijðxÞw;kðxÞ;j þ qðxÞx2uiðxÞ ¼ 0; ð2:11aÞ
½eiklðxÞuk;lðxÞ;i  ½aikðxÞ/;kðxÞ:i  ½bikðxÞw;kðxÞ;i ¼ 0; ð2:11bÞ
½diklðxÞuk;lðxÞ;i  ½bkiðxÞ/;kðxÞ:i  ½likðxÞw;kðxÞ;i ¼ 0; ð2:11cÞwhere we omit the body force, electric charge density and electric current density. Then aided by Eqs. (2.9) and
(2.10c), we have the alternative representations of Eqs. (2.11a)–(2.11c)½C0ijkluk;lðxÞ;j þ ½e0kij/;kðxÞ:j þ ½d0kijw;kðxÞ;j þ q0x2uiðxÞ
¼ f½C1ijklðxÞuk;lðxÞ;j þ ½e1kijðxÞ/;kðxÞ:j þ ½d1kijðxÞw;kðxÞ;j þ q1ðxÞx2uiðxÞg; ð2:12aÞ
½e0ikluk;lðxÞ;i  ½a0ik/;kðxÞ:i  ½b0ikw;kðxÞ;i ¼ f½e1iklðxÞuk;lðxÞ;i  ½a1ikðxÞ/;kðxÞ:i  ½b1ikðxÞw;kðxÞ;ig; ð2:12bÞ
½d0ikluk;lðxÞ;i  ½b0ki/;kðxÞ:i  ½l0ikw;kðxÞ;i ¼ f½d1iklðxÞuk;lðxÞ;i  ½b1kiðxÞ/;kðxÞ:i  ½l1ikðxÞw;kðxÞ;ig: ð2:12cÞFrom the above representations, it obviously shows that the right-hand sides of Eqs. (2.12a)–(2.12c) can be
regarded as a distribution of the body force, electric charge density and electric current density. Note that such
a distribution exists only in the inclusion due to L1(x) = L1V(x).
Furthermore, one can obtain the integral equation of the total ﬁeld Z(x), which equals the sum of the inci-
dent ﬁeld Z(i)(x) and the scattering ﬁeld Z(s)(x), via Eqs. (2.12a)–(2.12c). This integral equation can be written
in the following form:
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Z
V
Qðx x0ÞL1Nðx0Þdx0 þ q1x2
Z
V
Gðx x0ÞHZðx0Þdx0; ð2:13ÞwhereZðxÞ ¼
uiðxÞ
/ðxÞ
wðxÞ
0B@
1CA; ZðiÞðxÞ ¼ u
ðiÞ
i ðxÞ
/ðiÞðxÞ
wðiÞðxÞ
0B@
1CA; ZðsÞðxÞ ¼ u
ðsÞ
i ðxÞ
/ðsÞðxÞ
wðsÞðxÞ
0B@
1CA; ð2:14Þ
GðxÞ ¼
GFijðxÞ GPEi ðxÞ GPMi ðxÞ
GEPi ðxÞ GEðxÞ GEMðxÞ
GMPi ðxÞ GMEðxÞ GMðxÞ
0B@
1CA; NðxÞ ¼ eijðxÞEiðxÞ
HiðxÞ
0B@
1CA; ð2:15Þ
QðxÞ ¼
GFij;lðxÞ GPEi;j ðxÞ GPMi;j ðxÞ
GEPi;l ðxÞ GE;jðxÞ GEM;j ðxÞ
GMPi;l ðxÞ GME;j ðxÞ GM;j ðxÞ
0BB@
1CCA; H ¼
dik 0 0
0 0 0
0 0 0
0B@
1CA: ð2:16ÞIn the above expressions, the Green’s function G(x) is determined by Eqs. (2.5a)–(2.5c). In other words, if the
point force, point electric charge and point electric current replace the body force, electric charge density and
electric current density in Eqs. (2.5a)–(2.5c), respectively, it is easy to obtain the governing equations concern-
ing the each component of the Green’s function in Eq. (2.15).
It follows from Eq. (2.13) that the total ﬁeld N(x) = [eij(x),Ei(x),Hi(x)]T in the medium satisﬁes the
equationNðxÞ ¼ NðiÞðxÞ þ
Z
V
Pðx x0ÞL1Nðx0Þdx0 þ q1x2
Z
V
Qðx x0ÞHZðx0Þdx0; ð2:17ÞwhereNðiÞðxÞ ¼
eðiÞij ðxÞ
EðiÞi ðxÞ
H ðiÞi ðxÞ
0BB@
1CCA; PðxÞ ¼
GFij;lkðxÞ GPEi;jkðxÞ GPMi;jk ðxÞ
GEPi;lkðxÞ GE;jkðxÞ GEM;jk ðxÞ
GMPi;lk ðxÞ GME;jk ðxÞ GM;jkðxÞ
0BB@
1CCA: ð2:18ÞIt can be found that the form of Eq. (2.13) and that of the corresponding integral equation for the piezo-
electric medium (Levin et al., 2002) are coincident, so are the form of Eq. (2.17) and that of the corresponding
integral equation for the piezoelectric medium (Levin et al., 2002).
3. Solutions of the one-ﬁber scattering problem
In this section, we will analyze the solutions of the single cylindrical inclusion problem and concentrate on
the magneto–electro-elastic medium containing a ﬁber which has the diameter a and the shape of an inﬁnite
circular cylinder with the axis parallel to the x3-axis of the Cartesian coordinate system.
Since L(x) and q(x) are functions of only x1 and x2, the ﬁelds Z
(i)(x), Z(x), N(i)(x), N(x) and the character-
istic function V(x) are independent of x3. In the following discussion, we will just consider axial shear waves
propagating in the medium. Then the unique component of the displacement ﬁeld which is not equal to zero is
u3, hence,u1 ¼ u2 ¼ 0; u3ðxÞ ¼ uðyÞ; y ¼ yðx1; x2Þ; ð3:1Þ
and Eqs. (2.13) and (2.17) can be rewritten in the formsZðyÞ ¼ ZðiÞðyÞ þ
Z
S
Qðy y0ÞL1Nðy0Þdy0 þ q1x2
Z
S
Gðy y0ÞHZðy0Þdy0; ð3:2Þ
NðyÞ ¼ NðiÞðyÞ þ
Z
S
Pðy y0ÞL1Nðy0Þdy0 þ q1x2
Z
S
Qðy y0ÞHZðy0Þdy0; ð3:3Þ
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formsZðyÞ ¼
uðyÞ
/ðyÞ
wðyÞ
0B@
1CA; NðyÞ ¼ ekðyÞEkðyÞ
HkðyÞ
0B@
1CA; ð3:4aÞ
H ¼
1 0 0
0 0 0
0 0 0
0B@
1CA; ekðyÞ ¼ ou3ðyÞoyk ¼ ouðyÞoyk ; ð3:4bÞ
L1 ¼
C1 e1 d1
e1 a1 b1
d1 b1 l1
0B@
1CA ¼ C44  C
0
44 e15  e015 d15  d015
e15  e015 ða11  a011Þ ðb11  b011Þ
d15  d015 ðb11  b011Þ ðl11  l011Þ
0BB@
1CCA: ð3:4cÞThe expressions of the Green’s function G(y) in Eq. (3.2) in the space–frequency domain have been accom-
plished by the authors (Chen et al., in press), that is,GðRÞ ¼ 1
2pg0
T1 lnRþ 1
g0
T2GðRÞ; ð3:5ÞwhereC0 ¼ C044; e0 ¼ e015; d0 ¼ d015; a0 ¼ a011; b0 ¼ b011; l0 ¼ l011; ð3:6aÞ
bC0 ¼ C0 þ d20a0 þ e20l0  2e0d0b0
a0l0  b20
; ð3:6bÞ
R ¼ jy y0j; g0 ¼ a0l0  b20; g0 ¼ bC0ða0l0  b20Þ; ð3:6cÞ
GðRÞ ¼ i
4
H ð1Þ0 ðk0RÞ; k0 ¼ x
ﬃﬃﬃﬃﬃﬃ
q0bC0
r
; T1 ¼
0 0 0
0 l0 b0
0 b0 a0
264
375; ð3:6dÞ
T2 ¼
a0l0  b20 e0l0  d0b0 d0a0  e0b0
e0l0  d0b0 ½d20  l0ðbC0  C0Þ e0d0  b0ðbC0  C0Þ
d0a0  e0b0 e0d0  b0ðbC0  C0Þ ½e20  a0ðbC0  C0Þ
2664
3775: ð3:6eÞIn the above expressions, H ð1Þ0 ðÞ is the Hankel function of the ﬁrst kind of the order zero.
Eqs. (3.2) and (3.3) are diﬃcult to accurately solve but they can be simpliﬁed largely in the long-wave limit
(Levin et al., 2002). The primary idea of such an approximation is that the changes of the ﬁelds Z(x) and N(x)
inside the region S can be neglected, since the wavelengths of incident ﬁelds are much larger than the ﬁber’s
diameter a. Thereby, it givesZðyÞ ¼ ZðiÞðyÞ þ rgðyÞL1NðyÞ þ q1x2gðyÞHZðyÞ; ð3:7Þ
NðyÞ ¼ NðiÞðyÞ þ r rgðyÞL1NðyÞ þ q1x2rgðyÞHZðyÞ; ð3:8Þwhere $ denotes the gradient operator andgðyÞ ¼
Z
S
Gðy y0Þdy0: ð3:9Þ
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S
ln jy y0jdy0 ¼ p
2
½r2  a2ð1 2 ln aÞ; r ¼ jyj; ð3:10aÞ
i
4
Z
S
H ð1Þ0 ðk0jy y0jÞdy0 ¼
1
k20
1
2
ipk0aJ 0ðk0rÞH ð1Þ1 ðk0aÞ  1
 
; ð3:10bÞ
rjgðyÞ ¼ ooyj
gðyÞ ¼ 1
2g0
T1  ip
2g0
T2J 1ðk0rÞ ar H
ð1Þ
1 ðk0aÞ
 
yj; ni ¼
yi
jyj ; ð3:10cÞ
ri rjgðyÞ ¼ o
2
oyioyj
gðyÞ ¼ 1
2g0
T1hij  1
g0
T2
J 1ðk0rÞ
k0r
hij  J 2ðk0rÞninj
 
ip
2
k0aH
ð1Þ
1 ðk0aÞ; ð3:10dÞwhere Jn(Æ) denotes the Bessel functions of the ﬁrst kind of the order n (n = 1,2) and H
ð1Þ
1 ðÞ the Hankel func-
tion of the ﬁrst kind of the order one, and hij indicates the ‘‘plane’’ Kronecker’s delta.
Let incident ﬁelds u(i)(y), /(i)(y) and w(i)(y) be plane axial shear waves with the same wave vector k0 = k0n0
orthogonal to axis x3 and with the polarization vector directed along x3. For these ﬁelds we haveuðiÞðyÞ ¼ U ðiÞeik0y; /ðiÞðyÞ ¼ UðiÞeik0y; wðiÞðyÞ ¼ WðiÞeik0y: ð3:11Þ
According to the electric charge and current conservation Eqs. (2.5b) and (2.5c), the incident ﬁelds satisfy
the equationse0DuðiÞðyÞ  a0D/ðiÞðyÞ  b0DwðiÞðyÞ ¼ 0; ð3:12aÞ
d0DuðiÞðyÞ  b0D/ðiÞðyÞ  l0DwðiÞðyÞ ¼ 0; ð3:12bÞwhereD ¼ o
2
oy21
þ o
2
oy22
; ð3:13Þand the electric charge density qe and the electric current density qm equal zero under this circumstance.
Substituting Eq. (3.11) into Eqs. (3.12a) and (3.12b) and solving for U(i) and W(i), we obtainUðiÞ ¼ e0l0  d0b0
a0l0  b20
U ðiÞ; WðiÞ ¼ d0a0  e0b0
a0l0  b20
U ðiÞ: ð3:14ÞIf y 2 S, there is eikÆy  1 in the long-wave limit, and the gradients of these ﬁelds eðiÞk ðyÞ, EðiÞk ðyÞ and H ðiÞk ðyÞ
have the order x. Since k0r 1 and k0a 1 under the long-wave limit, we can simplify Eqs. (3.7) and (3.8)
with the aid of the Bessel functions’ and Hankel functions’ asymptotic formulas (z 1)JnðzÞ  1n!
z
2
 n
;
ip
2
znH ð1Þn ðzÞ  2n1 ðn 1Þ!þ
ip
n!
z
2
 2n 
: ð3:15ÞIn the simpliﬁed expressions of Eqs. (3.7) and (3.8), we only take account of the main terms, namely, the
terms that are constant (independent on x) in the real parts of all expressions and the terms having the order
x2 in the imaginary parts. Such an approximation will allow us to describe the attenuation of magneto–
electro-elastic waves but not the dispersion. Consequently, we can express Eq. (3.7) asu ¼ U ðiÞ þ q1
q0
ip
4
ðk0aÞ2u; ð3:16aÞ
/ ¼ UðiÞ þ q1
q0
ip
4
ðk0aÞ2/; ð3:16bÞ
w ¼ WðiÞ þ q1
q0
ip
4
ðk0aÞ2w: ð3:16cÞConsidering that the absolute value jipq1(k0a)2/(4q0)j < 1, we can use the Taylor expansion
1
1 z ¼ 1þ zþ    þ z
n þ    ð3:17Þ
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sions. Thus, u, / and w can be written as follows:u ¼ 1þ q1
q0
ip
4
ðk0aÞ2
 
U ðiÞ; ð3:18aÞ
/ ¼ e0l0  d0b0
a0l0  b20
1þ q1
q0
ip
4
ðk0aÞ2
 
U ðiÞ; ð3:18bÞ
w ¼ d0a0  e0b0
a0l0  b20
1þ q1
q0
ip
4
ðk0aÞ2
 
U ðiÞ: ð3:18cÞIn the long-wave limit, the second governing equation (3.8) takes the formN ¼ NðiÞ þ PR þ ip
4
ðk0aÞ2PI
 
L1N; ð3:19ÞwherePR ¼ 1
2
1
g0
T1  1
g0
T2
 
 h; PI ¼  1
2g0
T2  h: ð3:20ÞHere h = (hij) indicates the ‘‘plane’’ Kronecker’s delta. From Eq. (3.19), the ﬁeld N with the same accuracy as
Eqs. (3.18a)–(3.18c) can be expressed asN ¼ A ip
4
ðk0aÞ2B
 
NðiÞ; ð3:21Þ
A ¼ ðI PRL1Þ1; B ¼ APIL1A; ð3:22Þ
A ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33
0B@
1CA; B ¼ b11 b12 b13b21 b22 b23
b31 b32 b33
0B@
1CA; ð3:23Þwhere the elements of the matrices A and B are expressed in detail in Appendix A.
4. Total scattering cross-section
Prior to dealing with the principal problems, the dynamic characteristics of the multi-ﬁber magneto–
electro-elastic medium, we will derive the total scattering cross-section of the one-ﬁber problem for the
magneto–electro-elastic medium in this section.
According to Eq. (3.2), the scattering ﬁeld Z(s)(y) = [u(s)(y),/(s)(y),w(s)(y)]T can be written in the following
forms:uðsÞðyÞ ¼
Z
S
rkGðRÞ½m11ekðy0Þ  m12Ekðy0Þ  m13Hkðy0Þ þ q1x2GðRÞuðy0Þ
	 

dy0; ð4:1Þ
/ðsÞðyÞ ¼
Z
S
(
½M11rkGðRÞ þM14rkgðRÞekðy0Þ  ½M12rkGðRÞ þM15rkgðRÞEkðy0Þ:
½M13rkGðRÞ þM16rkgðRÞHkðy0Þ þ q1x2
e0l0  d0b0
a0l0  b20
GðRÞuðy0Þ
)
dy0; ð4:2Þ
wðsÞðyÞ ¼
Z
S
(
½N 11rkGðRÞ þ N 14rkgðRÞekðy0Þ  ½N 12rkGðRÞ þ N 15rkgðRÞEkðy0Þ:
½N 13rkGðRÞ þ N 16rkgðRÞHkðy0Þ þ q1x2
d0a0  e0b0
a0l0  b20
GðRÞuðy0Þ
)
dy0; ð4:3Þ
P. Chen, Y. Shen / International Journal of Solids and Structures 44 (2007) 1511–1532 1519where it is denotedGðRÞ ¼ i
4bC0 H ð1Þ0 ðk0RÞ; gðRÞ ¼ 12pg0 lnR: ð4:4ÞThe constants bC0 and g0 in Eq. (4.4) are deﬁned in Eqs. (3.6b) and (3.6c), and the constant parameters mij,Mij
and Nij in Eqs. (4.1)–(4.3) are listed in Appendix B.
Now we take into account the far-ﬁeld approximation of magneto–electro-elastic ﬁelds. With the help of
the asymptotic formulas at R!1jy y0j1  y1; jy y0j  y  ðn  y0Þ; ni ¼ yiy ; y ¼ jyj; ð4:5aÞ
o
oyk1
   o
oykm
H ð1Þ0 ðqRÞ  ðiqÞmnk1    nkm
ﬃﬃﬃﬃﬃﬃﬃ
2
pqy
s
eiðqy
p
4Þeiqðny
0Þ; ð4:5bÞwe can obtainuðsÞðyÞ ¼ CðnÞ e
ik0yﬃﬃ
y
p ; /ðsÞðyÞ ¼ e0l0  d0b0
a0l0  b20
CðnÞ e
ik0yﬃﬃ
y
p ; ð4:6Þ
wðsÞðyÞ ¼ d0a0  e0b0
a0l0  b20
CðnÞ e
ik0yﬃﬃ
y
p ; ð4:7Þwhere C(n) is the amplitude of cylindrical waves that can be represented in the formCðnÞ ¼ i
2q0x2
ﬃﬃﬃﬃﬃ
k30
2p
s
e
ip
4 ik0nk
Z
S
m11ekðy0Þeik0ðny0Þ dy0  ik0nk
Z
S
m12Ekðy0Þeik0ðny0Þ dy0

ik0nk
Z
S
m13Hkðy0Þeik0ðny0Þ dy0 þ q1x2
Z
S
uðy0Þeik0ðny0Þ dy0

: ð4:8ÞThe asymptotic expressions for the scattering ﬁeld NðsÞðyÞ ¼ ½eðsÞk ðyÞ;EðsÞk ðyÞ;H ðsÞk ðyÞT can be achieved via
the similar process of solving the scattering ﬁeld Z(s)(y). They have the formseðsÞk ðyÞ ¼ ik0nkCðnÞ
eik0yﬃﬃ
y
p ; EðsÞk ðyÞ ¼ ik0nk
e0l0  d0b0
a0l0  b20
CðnÞ e
ik0yﬃﬃ
y
p ; ð4:9Þ
H ðsÞk ðyÞ ¼ ik0nk
d0a0  e0b0
a0l0  b20
CðnÞ e
ik0yﬃﬃ
y
p : ð4:10ÞThen the corresponding stress rðsÞk ðyÞ, electric displacement DðsÞk ðyÞ and magnetic induction BðsÞk ðyÞ of scattering
waves can be valuedrðsÞk ðyÞ ¼ l0eðsÞk ðyÞ  e0EðsÞk ðyÞ  d0H ðsÞk ðyÞ ¼ ik0 bC0nkCðnÞ eik0yﬃﬃyp ; ð4:11aÞ
DðsÞk ðyÞ ¼ e0eðsÞk ðyÞ þ a0EðsÞk ðyÞ þ b0H ðsÞk ðyÞ ¼ 0; ð4:11bÞ
BðsÞk ðyÞ ¼ d0eðsÞk ðyÞ þ b0EðsÞk ðyÞ þ l0H ðsÞk ðyÞ ¼ 0: ð4:11cÞSince incident ﬁelds have the forms which appear in Eq. (3.11), with the aid of Eq. (3.14), the stress rðiÞk ðyÞ,
electric displacement DðiÞk ðyÞ and magnetic induction BðiÞk ðyÞ of incident waves can be written asrðiÞk ðyÞ ¼ ik0 bC0n0kU ðiÞeik0n0y; DðiÞk ðyÞ ¼ 0; BðiÞk ðyÞ ¼ 0: ð4:12Þ
The total scattering cross-section Q(x), which denotes the ratio of the average power ﬂux over all directions
to the average intensity of incident ﬁelds for a given angular frequency corresponding to the period T, is deter-
mined by the expression (Levin et al., 2002)
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ðsÞi
hI ðiÞit
¼  ImJðxÞbC0k0 ; ð4:13ÞwhereJðxÞ ¼
Z
S
ðrðiÞk uðsÞ	 þ rðsÞk uðiÞ	Þnk dS; ð4:14Þand h Æ it denotes the time averaging over the period T and ‘‘*’’ the complex conjugate. In addition, the ampli-
tude U(i) yields to unity during the above and following deriving actions.
Because the expressions of Eqs. (4.11a)–(4.11c) and (4.12) have the same forms as those of the piezoelectric
medium (Levin et al., 2002), we can obtain Q(x) using the result of Levin et al. (2002) as follows:QðxÞ ¼ 2
ﬃﬃﬃﬃﬃ
2p
k0
s
Re Cðn0Þeip4
h i
: ð4:15ÞIn the long-wave limit, there is the relation exp(ik0n0 Æ y 0)  1, and the ﬁelds ek, Ek, Hk and u are constant
inside the region S. Hence, from Eq. (4.8) we haveCðn0Þeip4 ¼ ipa
2
2q0x2
ﬃﬃﬃﬃﬃ
k30
2p
s
½ik0n0kðm11ek  m12Ek  m13HkÞ þ q1x2u; ð4:16Þthen Eq. (4.15) can be rewritten asQðxÞ ¼ pa
2
q0x2
k0Im½ik0n0kðm11ek  m12Ek  m13HkÞ þ q1x2u: ð4:17ÞIn the long-wave limit, after solving the incident ﬁeld NðiÞðyÞ ¼ ½eðiÞk ðyÞ;EðiÞk ðyÞ;H ðiÞk ðyÞT via Eq. (3.11), from
Eqs. (3.21) and (4.17) we can obtain the total scattering cross-sectionQðxÞ ¼ p
2k30a
4
4bC0 m11 b11 þ e0l0  d0b0a0l0  b20 b12 þ d0a0  e0b0a0l0  b20 b13
 !"
þ m12 b21 þ e0l0  d0b0
a0l0  b20
b22 þ d0a0  e0b0
a0l0  b20
b23
 !
þ m13 b31 þ e0l0  d0b0
a0l0  b20
b32 þ d0a0  e0b0
a0l0  b20
b33
 !
þ q
2
1
q20
bC0; ð4:18Þwhere the constants bij and mij are listed in Appendices A and B.
5. Eﬀective ﬁeld method for the multi-ﬁber scattering problem
Based on the above analyses in Sections 1–3, we will deal with the propagation of axial shear waves in the
magneto–electro-elastic medium containing a spatially homogeneous random set of parallel continuous ﬁbers.
Suppose that the matrix is unbounded and has the magneto–electro-elastic property L0 and mass density q0,
and the inclusions possess the property L, mass density q, and all the same diameter a. In the y-plane the cross-
sections of ﬁbers occupy a system of isolated regions Sk with characteristic functions Sk(y) (k = 1,2, . . .). The
magneto–electro-elastic ﬁelds in such a medium satisfy the equations similar to Eqs. (3.2) and (3.3)ZðyÞ ¼ ZðiÞðyÞ þ
Z
½rGðy y0ÞL1Nðy0Þ þ q1x2Gðy y0ÞHZðy0ÞSðy0Þdy0; ð5:1Þ
NðyÞ ¼ NðiÞðyÞ þ
Z
½Pðy y0ÞL1Nðy0Þ þ q1x2rGðy y0ÞHZðy0ÞSðy0Þdy0; ð5:2Þwhere S(y) denotes the characteristic function of the region S ¼PkSk.
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and (5.2). Generally, the accurate ﬁelds are diﬃcult to ﬁnd and we thus appeal to the approximate method.
The eﬀective ﬁeld method (EFM) is an eﬀective tool to solve the multi-ﬁber problem (Levin, 1996; Kanaun,
2000; Levin et al., 2002; Kanaun and Levin, 2003; Kanaun and Levin, 2005). Moreover, Markov (2001) has
justiﬁed the EFM in the elasto-statics of heterogeneous solids.
The EFM is mainly based on two hypotheses. The ﬁrst hypothesis is expressed as
H1 Every ﬁber in the composite behaves as an isolated one embedded in the original matrix by the action of
local external ﬁelds Z*(y) and N*(y).
In the hypothesisH1, the local external ﬁelds Z*(y) and N*(y) denote the sum of the incident ﬁelds applied to
the medium and the ﬁelds scattered on all the surrounding ﬁbers, respectively. Therefore, the local external
ﬁelds can be written in the formsZ	ðyÞ ¼ ZðiÞðyÞ þ
Z
½rGðy y0ÞL1Nðy0Þ þ q1x2Gðy y0ÞHZðy0ÞSðy; y0Þdy0; ð5:3Þ
N	ðyÞ ¼ NðiÞðyÞ þ
Z
½Pðy y0ÞL1Nðy0Þ þ q1x2rGðy y0ÞHZðy0ÞSðy; y0Þdy0: ð5:4ÞHere we introduce the deﬁnitionSðy; y0Þ ¼
X
i6¼k
Siðy0Þ; y 2 Sk: ð5:5ÞThis hypothesis reduces the problem of interactions among many ﬁbers to a one-ﬁber scattering problem.
In Section 3 this problem was solved in long-wave limit. In such a limit we assume that the local external ﬁelds
Z*(y) and N*(y) are constant in each of the regions Sk but may be diﬀerent for diﬀerent ﬁbers. According to the
hypothesis H1, the ﬁelds Z*(y) and N*(y) are treated as the ‘‘incident ﬁelds’’ for each isolated ﬁber. In view of
Eqs. (3.18a)–(3.18c) and (3.21), we haveZðyÞ ¼ kZ	ðyÞ; NðyÞ ¼ KN	ðyÞ; ð5:6Þ
k ¼ 1þ ip
4
ðk0aÞ2 q1q0
  1 0 0
0 1 0
0 0 1
0B@
1CA; K ¼ A ip
4
ðk0aÞ2B: ð5:7ÞSubstituting Eq. (5.6) into the right-hand sides of Eqs. (5.1)–(5.4), we can express the magneto–electro-
elastic ﬁelds Z(y) and N(y) at an arbitrary point of the medium in terms of the local external ﬁeldsZðyÞ ¼ ZðiÞðyÞ þ
Z
½rGðy y0ÞLKN	ðy0Þ þ q1x2Gðy y0Þk1Z	ðy0ÞSðy0Þdy0; ð5:8Þ
NðyÞ ¼ NðiÞðyÞ þ
Z
½Pðy y0ÞLKN	ðy0Þ þ q1x2rGðy y0Þk1Z	ðy0ÞSðy0Þdy0; ð5:9Þand obtain self-consistent equations to determine the local external ﬁeldsZ	ðyÞ ¼ ZðiÞðyÞ þ
Z
½rGðy y0ÞLKN	ðy0Þ þ q1x2Gðy y0Þk1Z	ðy0ÞSðy; y0Þdy0; ð5:10Þ
N	ðyÞ ¼ NðiÞðyÞ þ
Z
Pðy y0ÞLKN	ðy0Þ þ q1x2rGðy y0Þk1Z	ðy0Þ
 
Sðy; y0Þdy0; ð5:11Þwhere we adopt symbolsLK ¼ L1K and k1 ¼ 1þ ip
4
ðk0aÞ2 q1q0
 
H: ð5:12ÞHere, it obviously shows that the operations LK and k1 are constants with respect to y, in other words, both L
K
and k1 have the same expressions for all ﬁbers.
Because the set of ﬁbers is assumed to be random, Z(y), N(y), Z*(y) and N*(y) are random functions. Aver-
aging Eqs. (5.8) and (5.9) over the ensemble of realization of the random set of ﬁbers, we obtain
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Z
½rGðy y0ÞLKhN	ðy0ÞSðy0Þi þ q1x2Gðy y0Þk1hZ	ðy0ÞSðy0Þidy0; ð5:13Þ
hNðyÞi ¼ NðiÞðyÞ þ
Z
½Pðy y0ÞLKhN	ðy0ÞSðy0Þi þ q1x2rGðy y0Þk1hZ	ðy0ÞSðy0Þidy0: ð5:14ÞFor the next step the second hypothesis of the EFM will take eﬀect.
H2 Random local external ﬁelds Z*(y) and N*(y) acting on an arbitrary ﬁber are statistically independent on
the properties and the geometrical characteristics (containing the presences and locations) of this ﬁber.
In general, Z*(y) and N*(y) correlate with S(y). This hypothesis states that Z*(y) and N*(y) depend primarily
on global statistical characteristics of the random set of ﬁbers, and the local external ﬁelds Z*(y) and N*(y) are
independent of the characteristic function S(y) of ﬁbers.
Based on the hypothesis H2, Eqs. (5.13) and (5.14) can be written in the formshZðyÞi ¼ ZðiÞðyÞ þ p
Z
½rGðy y0ÞLKbN	ðy0Þ þ q1x2Gðy y0Þk1 bZ	ðy0Þdy0; ð5:15Þ
hNðyÞi ¼ NðiÞðyÞ þ p
Z
½Pðy y0ÞLKbN	ðy0Þ þ q1x2rGðy y0Þk1 bZ	ðy0Þdy0; ð5:16ÞbN	ðyÞ ¼ hN	ðyÞjyi; bZ	ðyÞ ¼ hZ	ðyÞjyi; ð5:17Þwhere symbol h Æ jyi is the averaging under the condition that the point y belongs to the region S occupied by
the ﬁber cross-sections. p = hS(y)i is the volume fraction of ﬁbers.
After averaging Eqs. (5.10) and (5.11) under the condition y 2 S, we acquire the closed-form equations for
the mean ﬁelds bZ	ðyÞ and bN	ðyÞbZ	ðyÞ ¼ ZðiÞðyÞ þ p Z ½rGðy y0ÞLKbN	ðy0Þ þ q1x2Gðy y0Þk1 bZ	ðy0ÞWðy y0Þdy0; ð5:18Þ
bN	ðyÞ ¼ NðiÞðyÞ þ p Z ½Pðy y0ÞLKbN	ðy0Þ þ q1x2rGðy y0Þk1 bZ	ðy0ÞWðy y0Þdy0; ð5:19Þ
Wðy y0Þ ¼ 1
p
hSðy; y0Þjyi: ð5:20ÞIn the procedure of deriving Eqs. (5.18) and (5.19), the hypothesis H2 and the so-called quasi-crystalline
approximation are employed (Levin, 1996; Kanaun, 2000; Levin et al., 2002; Kanaun and Levin, 2003, 2005).
The function W(y) only depends on the geometrical properties of the random set of ﬁber cross-sections. If
this set is homogeneous and isotropic, W(y) is a function only with regard to jy  y 0j:W(y) = W(jyj). According
to Eqs. (5.20) and (5.5), the function W(jyj) has the propertiesWð0Þ ¼ 0 and Wð1Þ ¼ 1: ð5:21Þ
And it and its derivative are continuous.
After eliminating the incident ﬁelds Z(i)(y) and N(i)(y) from Eqs. (5.15), (5.16) and (5.18), (5.19), we obtainbZ	ðyÞ ¼ hZðyÞi  p Z ½rGðy y0ÞLKbN	ðy0Þ þ q1x2Gðy y0Þk1 bZ	ðy0ÞUðy y0Þdy0; ð5:22Þ
bN	ðyÞ ¼ hNðyÞi  p Z ½Pðy y0ÞLKbN	ðy0Þ þ q1x2rGðy y0Þk1 bZ	ðy0ÞUðy y0Þdy0; ð5:23Þ
UðyÞ ¼ 1WðyÞ: ð5:24ÞIn the long-wave limit, the changes of the ﬁelds bZ	ðyÞ and bN	ðyÞ in ﬁbers can be neglected. Furthermore, we
assume that the distribution of the ﬁber cross-sections is homogeneous and isotropic, that is, W(y) = W(jyj),
and then Eqs. (5.22) and (5.23) take the formsbZ	ðyÞ ¼ hZðyÞi  pq1x2GUk1 bZ	ðyÞ; ð5:25ÞbN	ðyÞ ¼ hNðyÞi  pPULKbN	ðyÞ; ð5:26Þ
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Z
GðyÞUðjyjÞdy and PU ¼
Z
PðyÞUðjyjÞdy ð5:27Þ
and the relationZrGðyÞUðjyjÞdy ¼ 0 ð5:28Þ
are taken into account.
The function U(y) deﬁned in Eq. (5.24) is a smooth function which quickly goes to zero outside a region
having the order of the correlation diameter of the random set of ﬁbers, if the random set of ﬁbers is spatially
homogeneous and isotropic. In the long-wave limit, we only consider the main terms of the Bessel and Hankel
functions’ asymptotic expansions. Therefore, it follows that:GUk1 ¼ 1þ ip
4
ðk0aÞ2 q1q0
 
ip
4g0
a2JT2H; ð5:29Þ
PU ¼ PR  ip
4
ðk0aÞ2JPI; ð5:30Þ
J ¼ 2
a2
Z 1
0
UðrÞrdr: ð5:31ÞSubstitution of Eqs. (5.29) and (5.30) into (5.25) and (5.26) gives (Levin et al., 2002)bZ	ðyÞ ¼ 1 p q1
q0
ip
4
ðk0aÞ2J
 
hZðyÞi; ð5:32Þ
bN	ðyÞ ¼ DR Iþ p ip
4
ðk0aÞ2ðPRLA þ JIÞPILR
 
hNðyÞi; ð5:33Þ
DR ¼ ðIþ pPRLAÞ1; LA ¼ L1A; LR ¼ LADR: ð5:34Þ
In the approximate action of Eqs. (5.32) and (5.33) we only take into account the terms of the order (k0a)
2.
As a result, after substituting Eqs. (5.32) and (5.33) into Eq. (5.15) we have the mean ﬁeld hZ(y)i in the formhZðyÞi ¼ ZðiÞðyÞ þ p
Z
rGðy y0Þ LR  ip
4
ðk0aÞ2ð1 pJÞLRPILR
 
hNðy0Þidy0
þ pq1x2
Z
Gðy y0Þ 1þ ip
4
ðk0aÞ2ð1 pJÞ q1q0
 
HhZðy0Þidy0: ð5:35ÞNow applying the operator ($  $L0 + q0x2H) to the both sides of Eq. (5.35), we obtain
ðr rL	 þ q	x2HÞhZðyÞi ¼ 0; ð5:36Þ
L	 ¼ Ls  p ip
4
ðk0aÞ2ð1 pJÞLI; Ls ¼ L0  pLR; LI ¼ LRPILR; ð5:37Þ
q	 ¼ qs þ p
ip
4
ðk0aÞ2ð1 pJÞ q
2
1
q0
; qs ¼ q0  pq1: ð5:38ÞHere we consider that the Green’s function and the incident ﬁelds satisfy the equationsðr rL0 þ q0x2HÞGðyÞ ¼ IdðyÞ; ðr rL0 þ q0x2HÞZðiÞðyÞ ¼ 0: ð5:39Þ
And L* has the formL	 ¼
C	 e	 d	
e	 a	 b	
d	 b	 l	
0B@
1CA: ð5:40ÞSimilarly, Ls and LI have the analogous forms obtained by substituting subscript ‘‘s’’ or ‘‘I’’ for ‘‘*’’ in Eq.
(5.40). The expressions of elements of the matrices Ls and LI are listed in Appendix C.
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elastic medium. The considered composite can be regarded as a homogeneous material with the magneto–elec-
tro-elastic characteristic L* and the density q* which are complex quantities. Their real parts determine the
velocity of axial shear waves propagating in the magneto–electro-elastic medium and their imaginary parts
determine the attenuation factor of these waves.
6. Eﬀective wave velocity and attenuation factor
Expanding Eq. (5.36), we obtain the governing equationsC	DhuðyÞi þ e	Dh/ðyÞi þ d	DhwðyÞi þ q	x2huðyÞi ¼ 0; ð6:1Þ
e	DhuðyÞi  a	Dh/ðyÞi  b	DhwðyÞi ¼ 0; ð6:2Þ
d	DhuðyÞi  b	Dh/ðyÞi  l	DhwðyÞi ¼ 0: ð6:3ÞSuppose that the average elastic displacement, electric and magnetic potential are plane axial shear waves with
the same wave number k*huðyÞi ¼ Ueik	ny; h/ðyÞi ¼ Ueik	ny; hwðyÞi ¼ Weik	ny: ð6:4Þ
Substitution of Eq. (6.4) into (6.2) and (6.3) gives rise to the relationsU ¼ e	l	  d	b	
a	l	  b2	
U ; W ¼ d	a	  e	b	
a	l	  b2	
U : ð6:5ÞThen via Eq. (6.1) we obtainbC	k2	  q	x2 ¼ 0; ð6:6ÞbC	 ¼ C	 þ e	 e	l	  d	b	
a	l	  b2	
þ d	 d	a	  e	b	
a	l	  b2	
: ð6:7ÞTherefore, solving Eq. (6.6) with reference to k* leads to the resultsk	 ¼ ks þ ic; ð6:8Þ
ks ¼ xcs ; cs ¼
ﬃﬃﬃﬃﬃbC s
qs
s
; bC s ¼ Cs þ es esls  dsbs
asls  b2s
þ ds dsas  esbs
asls  b2s
; ð6:9Þ
c ¼ p p
4
ðk0aÞ2ð1 pJÞx
ﬃﬃﬃﬃﬃ
qsbC s
r
q21
q0qs
þ
bCRbC s
 !
; ð6:10Þwhere qs is deﬁned in Eq. (5.38), bCR is represented in Appendix C, cs is the eﬀective wave velocity in the com-
posite, c is the attenuation factor, and other quantities only with subscript ‘‘s’’ are the elements of the matrix
Ls in Eq. (5.37).
The discussion regarding the attenuation factor c has been dealt with by several researchers (Talbot and
Willis, 1983; Levin et al., 2002; Kanaun and Levin, 2003). When one calculates the attenuation factor, the pri-
mary diﬃculty is how to determine the pair correlation function U(y) in Eqs. (5.24) and (5.31). At low volume
fraction of ﬁbers p, the Heaviside function, called the ‘‘well-stirred’’ approximation, can be chosen as the pair
correlation function U(y); at high volume fraction of ﬁbers p, the so-called Perkus–Yevick model may be avail-
able for the pair correlation function. Note that both the ‘‘well-stirred’’ approximation and the Perkus–Yevick
model are only likely to eﬀectively treat part of values of the volume fraction of ﬁbers p, and using the Perkus–
Yevick model has to appeal to the numerical integral.
7. Numerical examples and discussion
In this section, we represent some numerical examples regarding the above-mentioned analyses. The piezo-
electric–piezomagnetic composite material BaTiO3–CoFe2O4 is taken into account. The material constants
(Huang and Kuo, 1997) are given in Table 1.
Table 1
Material constants used in examples
C44 (GPa) e15 (C/m
2) d15 (N/A m) a11 (10
9 C2/N m2) l11 (10
6 N s2/C2)
BaTiO3 43 11.6 0 11.2 5.0
CoFe2O4 45.3 0 550 0.08 590
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magnetic matrix reinforced by a random set of BaTiO3 piezoelectric ﬁbers. Since all terms depending on fre-
quency in the real part of the L* in Eq. (5.37) are neglected, the real part of the L*, namely Ls, actually
represents the eﬀective static material moduli of the magneto–electro-elastic medium under consideration.
These eﬀective properties have been studied by several researchers (Li and Dunn, 1998; Li, 2000; Aboudi,
2001). To compare results obtained by us and other researchers, we show these results in Figs. 1–6 where
the symbol ‘‘EFM’’ denotes our results computed by the eﬀective ﬁled method, ‘‘MT’’ indicates Li and Dunn’s
(1998) results by the Mori–Tanaka mean ﬁeld method, and ‘‘HMM’’ denotes Aboudi’s (2001) results by the
homogenization micromechanical method.
In these ﬁgures, it is easily seen that in the six cases the predictions of the eﬀective ﬁeld method coincide
with those of the Mori–Tanaka mean ﬁeld method, and the results of the homogenization micromechanical
method have slight deviations in three cases. The coincidence of the eﬀective ﬁeld method and theFig. 1. Eﬀective elastic modulus C44 versus the volume fraction of BaTiO3.
Fig. 2. Eﬀective piezoelectric modulus e15 versus the volume fraction of BaTiO3.
Fig. 3. Eﬀective piezomagnetic modulus d15 versus the volume fraction of BaTiO3.
Fig. 4. Eﬀective dielectric modulus a11 versus the volume fraction of BaTiO3.
Fig. 5. Eﬀective magneto-electric modulus b11 versus the volume fraction of BaTiO3.
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Fig. 6. Eﬀective magnetic permeability modulus l11 versus the volume fraction of BaTiO3.
P. Chen, Y. Shen / International Journal of Solids and Structures 44 (2007) 1511–1532 1527Mori–Tanaka mean ﬁeld method can be regarded as the generalization of the results of Markov (2001) who
has obtained that the estimations on the eﬀective elastic moduli for the binary medium containing ellipsoidal
particles by the eﬀective ﬁeld method are coincident with those by the Mori–Tanaka mean ﬁeld method. Here,
it can conclude that such a coincidence also exists for the piezoelectric–piezomagnetic composites, at least for
the BaTiO3–CoFe2O4. However, the coincidence is constrained by the condition that the correlation function
W(y) must have the radial symmetry (W(y) = W(jyj)). In more general case, for example, when the random set
of ﬁbers has some texture, the predictions of the eﬀective ﬁeld method may diﬀer from those of the Mori–
Tanaka method.
Among these ﬁgures, the curves of the eﬀective elastic modulus C44 and the eﬀective magneto-electric mod-
ulus b11 may attract one’s attention, because the value of the eﬀective elastic modulus C44 exceeds the value of
the C44 of the piezoelectric phase and that of the piezomagnetic phase, and the magneto-electric modulus b11 is
present in the composites but not in either of the individual phases. These phenomena have been discussed by
Li and Dunn (1998). The reasons will be represented concisely here. To understand the behavior of the eﬀec-
tive elastic modulus C44, we assume that the composite is subjected to a uniform far-ﬁeld e23. This will directly
induce a shear stress r23 in both phases, D2 in piezoelectric phase and B2 in piezomagnetic phase. Because of
the continuity of D2 and B2 on the phase boundaries, D2 and B2 will be induced in the piezomagnetic and pie-
zoelectric phases, respectively. This will in turn induce E2 in the piezomagnetic phase and H2 in the piezoelec-
tric phase. Due to the absence of the macroscopic electric ﬁeld and macroscopic magnetic ﬁeld inside the
composite, E2 in the piezoelectric phase and H2 in the piezomagnetic phase will then be induced. This will then
cause an additional r23 in both phases because of the piezoelectric and piezomagnetic eﬀect. Thus, according
to the constitutive relation C44 = r23/e23, this additional r23 causes the behavior that the value of the eﬀective
elastic modulus C44 in the composite is greater than that of C44 in individual phases.
The same method can explain the reason why the magneto-electric eﬀect emerges. If in the composite
boundary conditions consistent with a uniform far-ﬁeld E1 are applied, r13 will be induced in the piezoelectric
phase, and then in the piezomagnetic phase owing to traction continuity on the phase boundary. This r13 will
cause H1 in the piezomagnetic phase and then H1 will be caused in the piezoelectric phase in order to satisfy
the requirement that the macroscopic magnetic ﬁeld is zero in the composite. This H1 will induce B1 in the
piezoelectric phase. Therefore, the far-ﬁeld E1 causes B1 in the piezoelectric phase, namely, the magneto-elec-
tric eﬀect.
In addition to the predictions of the eﬀective moduli of the magneto–electro-elastic composite material, we
primarily obtain the eﬀective wave velocity of this composite material. In terms of the expression of the eﬀec-
tive wave velocity in Eq. (6.9), the eﬀective propagation velocity of the magneto–electro-elastic wave in the
BaTiO3–CoFe2O4 material is drawn in Fig. 7. The q/q0 is the ratio of the mass density of ﬁbers to that of
the matrix, and cs/c0 the ratio of the eﬀective propagation velocity of the composite material to the mag-
neto–electro-elastic wave velocity of the pure matrix material.
Fig. 7. Normalized wave velocity cs/c0 versus the volume fraction of BaTiO3.
1528 P. Chen, Y. Shen / International Journal of Solids and Structures 44 (2007) 1511–1532In Fig. 7 it shows that when q/q0  1.20 the normalized wave velocity cs/c0  1, when q/q0 ranges from 0 to
1.20 the eﬀective propagation velocity increases with the increase of the ﬁber volume fraction p, and when q/q0
exceeds 1.20 the eﬀective propagation velocity decreases with the increase of the ﬁber volume fraction. These
variations of the eﬀective propagation velocity with the increase of the ﬁber volume fraction are mainly caused
by the diﬀerence between the mass density of the ﬁber q and that of the matrix q0. If we remove the diﬀerence,
the varying tendencies of the eﬀective propagation velocity are determined only by the static eﬀective modulusbC s in Eq. (6.9).
8. Conclusions
We studied the dynamic characteristics—the eﬀective wave velocity and the attenuation factor—of piezo-
electric–piezomagnetic composites. The solutions of the displacement, electric potential, magnetic potential,
strain, electric ﬁeld and magnetic ﬁeld were obtained in the long-wave limit when axial shear waves propagate
through the magneto–electro-elastic medium containing one ﬁber. For such a medium we also derived the
expression of the total cross-section.
Employing the eﬀective ﬁeld method, we studied the propagation of axial shear magneto–electro-elastic
waves in an unbounded magneto–electro-elastic medium containing a spatially homogeneous random set of
parallel continuous ﬁbers. In the end, the static eﬀective moduli, eﬀective wave velocity and attenuation factor
were determined.
Through numerical examples, we concluded that, when the correlation function W(y) has the radial sym-
metry (W(y) = W(jyj)), the static eﬀective moduli obtained by the eﬀective ﬁeld method coincide with those
obtained by the Mori–Tanaka mean ﬁeld method for piezoelectric–piezomagnetic composites, at least for
the BaTiO3–CoFe2O4 material. Among these static eﬀective moduli, the value of the eﬀective elastic modulus
C44 exceeds the value of the C44 of the piezoelectric phase and that of the piezomagnetic phase. For the same
material when the ratio of the mass density of ﬁbers to that of the matrix is greater than 1.20, the eﬀective wave
velocity decreases with the increase of the ﬁber volume fraction, and when the ratio is less than 1.20, the eﬀec-
tive wave velocity increases with the increase of the ﬁber volume fraction.
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Appendix A
Here the elements of the matrices A and B in Eqs. (3.22) and (3.23) are listed.
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 2ðe1 þ 2e0Þðd1 þ 2d0Þðb1 þ 2b0Þ þ ðl1 þ 2l0Þða1 þ 2a0ÞðC1 þ 2C0Þ;
a11 ¼ 2D ½e0ðe1 þ 2e0Þðl1 þ 2l0Þ þ C0ða1 þ 2a0Þðl1 þ 2l0Þ þ d0ðd1 þ 2d0Þða1 þ 2a0Þ
 C0ðb1 þ 2b0Þ2  e0ðb1 þ 2b0Þðd1 þ 2d0Þ  d0ðb1 þ 2b0Þðe1 þ 2e0Þ;
a12 ¼ 2D ½ðl1 þ 2l0Þða1e0  a0e1Þ þ ðd1 þ 2d0Þða0b1  a1b0Þ þ ðb1 þ 2b0Þðe1b0  e0b1Þ;
a13 ¼ 2D ½ða1 þ 2a0Þðl1d0  l0d1Þ þ ðb1 þ 2b0Þðb0d1  b1d0Þ þ ðe1 þ 2e0Þðl0b1  l1b0Þ;
a21 ¼ 2D ½ðl1 þ 2l0ÞðC0e1  C1e0Þ þ ðb1 þ 2b0ÞðC1d0  d1C0Þ þ ðd1 þ 2d0Þðd0e1  d1e0Þ;
a22 ¼ 2D ½a0ðC1 þ 2C0Þðl1 þ 2l0Þ þ e0ðe1 þ 2e0Þðl1 þ 2l0Þ þ a0ðd1 þ 2d0Þ
2
 b0ðb1 þ 2b0ÞðC1 þ 2C0Þ  b0ðe1 þ 2e0Þðd1 þ 2d0Þ  e0ðb1 þ 2b0Þðd1 þ 2d0Þ;
a23 ¼ 2D ½ðd1 þ 2d0Þðd1b0  b1d0Þ þ ðC1 þ 2C0Þðb0l1  b1l0Þ þ ðe1 þ 2e0Þðl1d0  l0d1Þ;
a31 ¼ 2D ½ðb1 þ 2b0ÞðC1e0  C0e1Þ þ ða1 þ 2a0ÞðC0d1  C1d0Þ þ ðe1 þ 2e0Þðe0d1  e1d0Þ;
a32 ¼ 2D ½ðC1 þ 2C0Þða1b0  a0b1Þ þ ðe1 þ 2e0Þðb0e1  b1e0Þ þ ðd1 þ 2d0Þðe0a1  e1a0Þ;
a33 ¼ 2D ½l0ðC1 þ 2C0Þða1 þ 2a0Þ þ d0ðd1 þ 2d0Þða1 þ 2a0Þ þ l0ðe1 þ 2e0Þ
2
 b0ðb1 þ 2b0ÞðC1 þ 2C0Þ  b0ðe1 þ 2e0Þðd1 þ 2d0Þ  d0ðb1 þ 2b0Þðe1 þ 2e0Þ;
b11 ¼ 2
bC0
D2
½C1ðb1 þ 2b0Þ2 þ 2ðb1 þ 2b0Þðd1e1 þ d0e1 þ d1e0Þ  C1ða1 þ 2a0Þðl1 þ 2l0Þ
 e1ðe1 þ 2e0Þðl1 þ 2l0Þ  d1ðd1 þ 2d0Þða1 þ 2a0Þ½ðb1 þ 2b0Þ2  ða1 þ 2a0Þðl1 þ 2l0Þ;
b12 ¼ 2
bC0
D
a12½ðb1 þ 2b0Þ2  ða1 þ 2a0Þðl1 þ 2l0Þ;
b13 ¼ 2
bC0
D
a13½ðb1 þ 2b0Þ2  ða1 þ 2a0Þðl1 þ 2l0Þ;
b21 ¼ b11 ½ðe1 þ 2e0Þðl1 þ 2l0Þ  ðd1 þ 2d0Þðb1 þ 2b0Þ½ða1 þ 2a0Þðl1 þ 2l0Þ  ðb1 þ 2b0Þ2
;
b22 ¼ b12 ½ðe1 þ 2e0Þðl1 þ 2l0Þ  ðd1 þ 2d0Þðb1 þ 2b0Þ½ða1 þ 2a0Þðl1 þ 2l0Þ  ðb1 þ 2b0Þ2
;
b23 ¼ b13 ½ðe1 þ 2e0Þðl1 þ 2l0Þ  ðd1 þ 2d0Þðb1 þ 2b0Þ½ða1 þ 2a0Þðl1 þ 2l0Þ  ðb1 þ 2b0Þ2
;
b31 ¼ b11 ½ðd1 þ 2d0Þða1 þ 2a0Þ  ðe1 þ 2e0Þðb1 þ 2b0Þ½ða1 þ 2a0Þðl1 þ 2l0Þ  ðb1 þ 2b0Þ2
;
b32 ¼ b12 ½ðd1 þ 2d0Þða1 þ 2a0Þ  ðe1 þ 2e0Þðb1 þ 2b0Þ½ða1 þ 2a0Þðl1 þ 2l0Þ  ðb1 þ 2b0Þ2
;
b33 ¼ b13 ½ðd1 þ 2d0Þða1 þ 2a0Þ  ðe1 þ 2e0Þðb1 þ 2b0Þ½ða1 þ 2a0Þðl1 þ 2l0Þ  ðb1 þ 2b0Þ2
:
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Here the constant parameters mij, Mij, and Nij in Eqs. (4.1)–(4.3) are listed.m11 ¼ C1 þ e0l0  d0b0
a0l0  b20
e1 þ d0a0  e0b0
a0l0  b20
d1;
m12 ¼ e1  e0l0  d0b0
a0l0  b20
a1  d0a0  e0b0
a0l0  b20
b1;
m13 ¼ d1  e0l0  d0b0
a0l0  b20
b1 
d0a0  e0b0
a0l0  b20
l1;
M11 ¼ e0l0  d0b0
a0l0  b20
D11; M12 ¼ e0l0  d0b0
a0l0  b20
D12; M13 ¼ e0l0  d0b0
a0l0  b20
D13;
M14 ¼ l0e1  b0d1; M15 ¼ b0b1  l0a1; M16 ¼ b0l1  l0b1;
N 11 ¼ d0a0  e0b0
a0l0  b20
D11; N 12 ¼ d0a0  e0b0
a0l0  b20
D12; N 13 ¼ d0a0  e0b0
a0l0  b20
D13;
N 14 ¼ a0d1  b0e1; N 15 ¼ b0a1  a0b1; N 16 ¼ b0b1  a0l1:Appendix C
Here Ls and LI in Eq. (5.37) which have the formsLs ¼
Cs es ds
es as bs
ds bs ls
0B@
1CA and LI ¼ CI eI dIeI aI bI
dI bI lI
0B@
1CAand bCR in Eq. (6.10) are listed.
We introduce the following symbols:Z ¼ adjointðL0Þ ¼
a0l0  b20 e0l0  d0b0 d0a0  e0b0
C0l0  d20 C0b0 þ e0d0
Sym: C0a0  e20
0B@
1CA;
eZ ¼ adjointðL1Þ ¼ a1l1  b
2
1 e1l1  d1b1 d1a1  e1b1
C1l1  d21 C1b1 þ e1d1
Sym: C1a1  e21
0B@
1CA;
Q ¼ detðL0Þ ¼ C0ða0l0  b20Þ þ e20l0 þ d20a0  2e0b0d0;eQ ¼ detðL1Þ ¼ C1ða1l1  b21Þ þ e21l1 þ d21a1  2e1b1d1;
N ¼ ð1 pÞ3 eQ  8Q 2ð1 pÞ2ðeZ11C0 þ 2eZ12e0 þ 2eZ13d0  eZ22a0  2eZ23b0  eZ33l0Þ
 4ð1 pÞðZ11C1 þ 2Z12e1 þ 2Z13d1  Z22a1  2Z23b1  Z33l1Þ;
where Z and eZ denote the adjoint matrices of the L0 and L1 in Eq. (3.4c), respectively. Then the elements of
the Ls can be expressed in the formsCs ¼ C0 þ pCR; es ¼ e0 þ peR; ds ¼ d0 þ pdR;
as ¼ a0 þ paR; bs ¼ b0 þ pbR; ls ¼ l0 þ plR;
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N
½2ð1 pÞ2C0 eQ þ 8C1Qþ 4ð1 pÞðeZ22Z33 þ eZ33Z22  2eZ23Z23Þ;
eR ¼  1
N
½2ð1 pÞ2e0 eQ þ 8e1Q 4ð1 pÞðeZ21Z33 þ eZ33Z21  eZ23Z31  eZ31Z23Þ;
dR ¼  1
N
½2ð1 pÞ2d0 eQ þ 8d1Qþ 4ð1 pÞðeZ21Z32 þ eZ32Z21  eZ22Z31  eZ31Z22Þ;
aR ¼  1
N
½2ð1 pÞ2a0 eQ þ 8a1Q 4ð1 pÞðeZ11Z33 þ eZ33Z11  2eZ13Z13Þ;
bR ¼ 
1
N
½2ð1 pÞ2b0 eQ þ 8b1Qþ 4ð1 pÞðeZ11Z32 þ eZ32Z11  eZ12Z31  eZ31Z12Þ;
lR ¼ 
1
N
½2ð1 pÞ2l0 eQ þ 8l1Q 4ð1 pÞðeZ11Z22 þ eZ22Z11  2eZ12Z12Þ:To represent the expressions of the LI, we introduce the symbols11 ¼
e0l0  d0b0
2½bC0ða0l0  b20Þ ; 12 ¼ d0a0  e0b02½bC0ða0l0  b20Þ ; 13 ¼ d
2
0 þ l0ðbC0  C0Þ
2½bC0ða0l0  b20Þ ;
14 ¼
e0d0  b0ðbC0  C0Þ
2½bC0ða0l0  b20Þ ; 15 ¼ e
2
0 þ a0ðbC0  C0Þ
2½bC0ða0l0  b20Þ :
Thus, the elements of the LI can be written asCI ¼  C
2
R
2bC0  2eRCR11  2dRCR12  e2R13  2eRdR14  d2R15;
eI ¼ CReR
2bC0  ðe2R  CRaRÞ11  ðeRdR  CRbRÞ12 þ eRaR13 þ ðeRbR þ dRaRÞ14 þ dRbR15;
dI ¼ CRdR
2bC0  ðeRdR  CRbRÞ11  ðd2R  CRlRÞ12 þ eRbR13 þ ðeRlR þ dRbRÞ14 þ dRlR15;
aI ¼ e
2
R
2bC0  2eRaR11  2eRbR12 þ a2R13 þ 2aRbR14 þ b2R15;
bI ¼
eRdR
2bC0  ðeRbR þ dRaRÞ11  ðeRlR þ dRbRÞ12 þ aRbR13 þ ðaRlR þ b2RÞ14 þ bRlR15;
lI ¼
d2R
2bC0  2dRbR11  2dRlR12 þ b2R13 þ 2bRlR14 þ l2R15:Finally, with the help of the above expressions the bCR in Eq. (6.10) can be expressed as
bCR ¼ CI þ 2eI esls  dsbs
asls  b2s
þ 2dI dsas  esbs
asls  b2s
 aI esls  dsbs
asls  b2s
 !2
 lI
dsas  esbs
asls  b2s
 !2
 2bI
ðdsas  esbsÞðesls  dsbsÞ
ðasls  b2s Þ2
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